The propagation of elastic waves in piezoceramic cylindrical waveguides of circular cross-sections with sector cut is investigated on the basis of the linear theory of electroelasticity. Dispersion functions are obtained from boundary conditions in an analytical form of functional determinants for each value of the generalized wave number. A selected set of numerical results including real, imaginary and complex branches of full dispersion spectrums with various symmetry of wave movements is presented to describe the essential characteristics of the waves. Leading effects of spectrums transformation by change of waveguide's angular measure are enlightened, and wave asymptotic behavior is analyzed. The variation of the cross-section is considered as a mechanism to control the dispersion characteristics of waveguides.
Introduction
The propagation of elastic waves in piezoceramic materials has many applications in various fields of science and technology. Piezoelectric devices are widely used in ultrasonic transducers and nondestructive testing. The optimal design characteristics and reliable behavior of piezoceramic devices require deep understanding of wave propagation in these components. The theory of electroelastic waves in deformable piezoelectric bodies is an intensively developing research area. At the present moment the majority of studies in the literature consider piezoceramic cylinders of circular or hollow cross-sections with axial or radial polarization. Comparatively, limited amount of investigations exists in the area of electroelastic wave propagation in noncircular cylindrical waveguides.
Early studies in elastic wave propagation in cylindrical waveguides are mostly concerned with isotropic cylinders. Wave propagation in infinitely long cylinders has been investigated since the time of Pochhammer and Chree. Detailed account of the historical development of the problem has been given by Meeker and Meitzler (1964) . The propagation of compressional elastic waves along an anisotropic circular cylinder with hexagonal symmetry was first studied by Morse (1954) . Two-part study by Mirsky (1965) was devoted to the problem of longitudinal waves propagation in transversely isotropic circular cylinders using an approach based on potential functions.
The dispersion relation for flexural waves in a circular cylinder was studied by Pao and Mindlin (1960) and Pao (1962) . Onoe et al. (1962) found the complete frequency spectrum including the complex branches for longitudinal waves in a circular cylinder. Zemanek (1972) presented the results of a numerical analysis of the frequency equation describing wave propagation in elastic cylinders. Rosenfeld and Keller (1974) found asymptotic expansions for both long and short high-frequency waves propagating in elastic rods of arbitrary cross-section. Fraser (1980) used the method of eigenfunction expansion to separate the equations of motion for a cylindrical anisotropic waveguide. Berliner and Solecki (1996) studied the wave propagation in fluid-loaded transversely isotropic cylinders. The frequency equation of the system was developed through the boundary conditions at the waveguide's inner and outer surfaces. Honarvar and Sinclair (1996) developed a mathematical model based on potential functions for acoustic waves scattering from transversely isotropic cylinders. Honarvar et al. (2007) used that model for derivation of the frequency equations of longitudinal and flexural wave propagation in transversely isotropic cylinders. Damljanovic and Weaver (2004) studied elastic wave propagation in cylindrical waveguides of arbitrary cross-section and developed a code capable of determining the real, imaginary, and complex branches at moderate values of dimensionless frequency and wave number. Grigorenko and Vlaikov (2004) proposed a numerical approach to the solution of some static and dynamic problems for hollow anisotropic cylinders with noncircular cross-section, in particular, cylinders with ellipsoidal cross-section. A semi-analytical model for axisymmetric wave propagation in finite solid cylinders presented by Puckett and Peterson (2005) considers excitation, propagation and reception of the ultrasonic signal in the waveguide. Key topics of the 125-year history of the problem, besides the mentioned above, are elucidated by Meleshko et al. (2009) .
Theoretical studies on electroelastic wave propagation in anisotropic piezoceramic cylinders have also been pursued for many years. The approach usually applied for piezoelectric solids is the simplification of Maxwell's equations by neglecting magnetic effects, conduction, free charges, and displacement currents. Studies by Berlincourt et al. (1964) and Tiersten (1969) should be mentioned among the early notable contributions to the topic of the mechanics of piezoelectric solids. Electroelastic governing equations of piezoelectric materials are presented by Parton and Kudryavtsev (1988) . Shul'ga studied the propagation of axisymmetric and non-axisymmetric waves in anisotropic piezoceramic cylinders with various prepolarization directions and boundary conditions; some of his results for homogeneous waveguides are summarized in Shul'ga (2002) . Venkatesan (1987, 1989 ) studied the wave propagation in infinite piezoelectric solid cylinders of arbitrary crosssection using Fourier expansion collocation method, formulated by Nagaya (1981) . Rajapakse and Zhou (1997) solved the coupled electroelastic equations for a long piezoceramic cylinder by applying Fourier integral transforms. Paper by Wang (2002) should be mentioned among the studies of cylindrical shells with a piezoelectric coat. Ebenezer and Ramesh (2003) analyzed axially polarized piezoelectric cylinders with arbitrary boundary conditions on the flat surfaces using the Bessel series. Berg et al. (2004) assumed electric field not to be constant over the thickness of piezoceramic cylindrical shells. Later Botta and Cerri (2007) extended this approach and compared their results with those in which the effect of variable electric potential was not considered. In the paper by Ponnusamy (2007) wave propagation in a thermoelastic solid cylinder of arbitrary cross-section was analyzed by satisfying the boundary conditions on the irregular boundary using the Fourier expansion collocation method. Frequency equations for the longitudinal and flexural vibrations were obtained and analyzed numerically for elliptical and cardioidal cross-sectional cylinders. Kim and Lee (2007) studied piezoelectric cylindrical transducers with radial polarization and compared their results with those obtained experimentally and numerically by the finite-element method. Study by Ying et al. (2009) is one of the most recent developments in the field of piezoelectric cylinders with a large number of references. Finally, Shatalov et al. (2009) used an approach close to the present one for studying non-axisymmetric wave propagation in piezoelectric solid circular cylinders with axial polarization.
In the present paper we consider electroelastic wave propagation in piezoceramic cylinders with sector cut in circular cross-section. The method is based on exact analytical integration of wave equations by using wave potentials. The frequency equations obtained from boundary conditions in determinantal form of the fourth order are analyzed numerically and results are given in Section 5. Leading effects of spectrums transformation by variation of the sector cut angular measure are discussed.
Analytical formulation of the problem
Consider a piezoceramic cylinder of infinite length along the x 3 axis of a rectangular Cartesian coordinate system. The radius and the angular measure of waveguide are denoted by R and a, respectively, as shown in Fig. 1 . The prepolarization axis of the piezoceramics is considered to have longitudinal orientation.
The three-dimensional stress equations of motion for a linearly electroelastic medium are:
Any solution for electroelastic wave propagation in piezoelectric material must simultaneously satisfy the quasistatic approximation of Maxwell's equations:
The constitutive relations for a linear piezoelectric material are (Parton and Kudryavtsev, 1988) :
and the electric field intensity E is related to the electric potential u by E = À grad u.
Here r ij , u i , E i , and D i denote the dimensionless components of stress, displacement, electric field intensity, and electric displacement respectively; c ij , e ij , and e ij are, respectively, the elastic, piezoelectric, and dielectric constants; q is the mass density. The equations are first written in rectangular Cartesian coordinates, and below they are transferred to cylindrical coordinate system.
Substituting from Eqs. (3) in Eqs. (1) and (2), displacement equations of motion are obtained in the following form:
T , and
To obtain the propagation of free harmonic electroelastic waves in a cylinder of infinite length, we seek solutions of the equations of motion (4) in the form: Eq. (7) is a system of partial differential equations of the three displacement and electric potential components. Wave potentials method has been widely used previously by many authors (Mirsky, 1965; Paul and Venkatesan, 1987; Berliner and Solecki, 1996; Shul'ga, 2002; Honarvar et al., 2007; Shatalov et al., 2009 ) to uncouple equations in a form similar to Eq. (7):
After substituting Eqs. (8) in Eq. (7) first two displacement equations of motion can be written in the following form:
where
2 =c Ã is the normalized angular frequency, R * and c * are the normalizing factors.
From (9) it follows that
It leads to a system of equations for u 1 , u 2 , u 3 , and a separate equation for u 4 :
According to the method, potential functions should be in the form:
where v j (x 1 , x 2 ) are determined from the metaharmonic equations
Here c 2 j are the roots of the bicubic algebraic equation a 1 c 6 + a 2-c 4 + a 3 c 2 + a 4 = 0, and 
Boundary conditions
To complete the analytical formulation of the frequency equations requires consideration of boundary conditions on the cylindrical surface and on the surfaces of sector cut. Two cases of the cylindrical boundary are discussed below.
If the cylindrical surface is stress-free and covered by thin short-circuited electrodes, the boundary conditions become:
To fulfill the displacement-fixed with short-circuited electrodes boundary condition, all displacement and electric potential components at the cylindrical boundary surface must vanish. These boundary conditions can be written as
The sector cut surfaces of the waveguides studied in the present paper are considered as covered by non-extensible membranes. Thus, the following components are zero:
Here, (r ab ) C and (u a ) C denote components of stress and displacement in cylindrical coordinates on surface C.
Frequency equations
In this section, the frequency equations are developed within the framework of the theory of elasticity. The expressions for u a , r ab and D a in cylindrical coordinate system are given in Appendix B. Elastic waves considered here can be divided into two types: symmetric waves (often referred to as longitudinal) satisfy the conditions u r (r, Àh) = u r (r, h), u h (r, Àh) = Àu h (r, h), u z (r, Àh) = u z (r, h), u(r, Àh) = u(r, h); and antisymmetric waves (often referred to as flexural) satisfy the conditions u r (r, Àh) = Àu r (r, h), u h (r, Àh) = u h (r, h), u z (r, Àh) = Àu z (r, h), u(r, Àh) = Àu(r, h).
According to the geometry and boundary conditions of the problem the metaharmonic functions v j should be chosen in the widely used form through Bessel functions (Morse, 1954; Mirsky, 1965; Paul and Venkatesan, 1987; Berliner and Solecki, 1996; Ebenezer and Ramesh, 2003; Honarvar et al., 2007; Ponnusamy, 2007; Shatalov et al., 2009) . Thus, for the symmetric case:
A jn J kn ðc j rÞ cos k n h ðj ¼ 1; 3Þ;
where k n = (2n + 1)p/2a. And for the antisymmetric case:
A jn J g n ðc j rÞ sin g n h ðj ¼ 1; 3Þ;
where g n = np/a.
In the above equations, J n is the nth-order Bessel function of the first kind with complex argument. The boundary conditions (21) on the flat surfaces C ± are satisfied directly.
Consider at first symmetric waves propagation in waveguides with displacement-fixed boundary C 0 . Application of the boundary conditions (20) results in four linear, homogeneous, algebraic equations in the unknown wavenumber and angular frequency for each value of n ¼ 0; 1. The nontrivial solution can be found by setting the determinant of the system matrix equal to zero: The full dispersion spectrum of the waveguides under consideration is a set of partial spectrums each described by Eqs. (24) and (25) with a chosen value of generalized wave number n. It should be noted that the expressions for u a , r ab and D a have singularities at r = 0 in r Àa J kn ðc j rÞ terms if k n À a < 0. Therefore, for the case of symmetric waves propagation in waveguides with angular measure a > p/2 the permitted values of generalized wave number are n ¼ 1; 1 (when u r and u h have no singularities at r = 0).
Analogously, the propagation of symmetric and antisymmetric waves in waveguides with stress-free cylindrical boundary is described by the following frequency equations: (22) and (23) in the expressions for r ab .
Numerical results and discussion
Using the equations obtained in the previous section, propagation of symmetric and antisymmetric waves in piezoceramic cylinders with sector cut is studied in this section. Numerical analysis is carried out for waveguides from different materials with various angular measure and boundary conditions. The electroelastic material constants of three different piezoelectric solids (Berlincourt et al., 1964) are given in Table 1 , normalizing factor c * is chosen equal to 10 10 .
Full dispersion curves
Dispersion curves in the form of dimensionless frequency versus dimensionless wavenumber are presented in this section. Numerical calculations of the real and imaginary branches with various symmetry of wave movements have been carried out by applying the bisection method to the frequency equations (24), (25), (27) and (28). Complex roots (described and presented by Onoe et al. (1962) , Meeker and Meitzler (1964) , Zemanek (1972) and other authors) in the present paper are obtained by iterative numerical methods using the data about transition points of complex branches into the real or imaginary parts. Dispersion curves shown in Figs. 2-6 illustrate the propagation of elastic waves in waveguides from barium calcium titanate (BaCaTiO 3 ) ceramic, and one comparison graph will be presented for all three materials.
Figs. 2 and 3 illustrate the dispersion curves of symmetric waves with n = 0 and antisymmetric waves with n = 1 for the waveguide of angular measure a = p/4 with stress-free cylindrical surface. All modes have nonzero cutoff frequencies and a backward wave occurs in the first and fourth modes. We can also observe that the purely imaginary values of k that represent nonpropagating modes are formed in almost vertical lines. Antisymmetric modes are quantitatively different from the symmetric ones, but have similar order of modes in this case. As shown in Fig. 4 , partial spectrum for the waveguide in a form of a semicircle (a = p/2) with n = 0 contain a mode of electroelastic waves with zero cutoff frequency. Waveguides with another angular measure of sector cut or waveguides with the fixed cylindrical boundary surface do not contain such modes. It should also be noted that the lower nonzero cutoff frequencies of the spectrums with the same values of n decrease with increase in a.
Partial dispersion spectrums of symmetric waves for the waveguide of angular measure a = 5p/8 and different values of n are illustrated in Fig. 5 . Positions of the curves increase with increase in n and there are no roots in the chosen range of k and X for n = 4,5,. . . Dispersion curves for the waveguides with displacement-fixed cylindrical surface have considerable quantitative differences, but qualitatively are not significantly different in most of the cases. As an example, Fig. 6 shows the partial spectrum for the case of a = p/4, n = 0. The order of modes and the presence of a backward wave in the first mode are the same as for the stress-free case, except for the absence of a mode with zero cutoff frequency in the spectrum for a = p/2. Dispersion curves of symmetric waves for three waveguides of angular measure a = 5p/8 from PZT-4, BaTiO 3 , and BaCaTiO 3 are plotted in Fig. 7 . Two barium titanate ceramics have quite close material properties and their three lowest modes are located very close to each other, while spectrum for PZT-4 has more noticeable quantitative differences. On the other hand, the basic qualitative characteristics are found to be similar for these three materials while the change of angular measure or boundary conditions of the waveguide could have more significant influence.
To verify the method, results obtained by it are compared in special cases with other published results for transversely isotropic materials. The spectrum of flexural waves in a circular cylinder without cuts is identical to the first partial spectrum of a with the dispersion curves of Meeker and Meitzler (1964) , Zemanek (1972) , Paul and Venkatesan (1987) and Honarvar et al. (2007) . To compare the results, the material properties and normalizing factors were taken from these publications; piezoelectric and dielectric constants for non-piezoactive materials were set close to zero in the present method. Fig. 8 shows the first partial spectrum of semicircular transversely isotropic glass/epoxy cylinder calculated by the present method. These curves are almost identical to those presented in Fig. 3 of Honarvar et al. (2007) , noticeable differences (dotted lines) could be found in the third and fifth modes. and BaCaTiO 3 , a = 5p/8, n = 1.
Cutoff frequencies
If k approaches zero in such a way that X remains finite, Eqs. (12) become:
Accordingly, the wavelength for a given frequency becomes infinite and the roots of the equations above are the cutoff frequencies of the symmetric mode -the frequencies at which the evanescent waves (imaginary branches) become propagative (real branches). Eqs. (12) result into two separate Eqs. (29) and (30), and hence two independent sets of cutoff frequencies are determined. Equations for u Ã 1 and u Ã 4 yield cutoff frequencies with the entirely radial particle displacement. The modes of propagation associated with these frequencies are called shear elastic modes (S). In the same manner, it can be shown that at frequencies satisfying the equations for u Ã 2 and u Ã 3 the particle displacement is entirely axial. The modes of propagation associated with these cutoff frequencies are called longitudinal electroelastic modes (L).
Values of certain cutoff frequencies for waveguides from different materials with n = 0,1 are presented in Figs. 9 and 10 in the form of dimensionless frequency versus angular measure. S-modes are represented by the solid lines and L-modes are indicated by the dotted lines, modes for the case of n = 1 are marked with triangles. From these two plots it can be seen clearly that the angular measure of cross-section has a considerable influence on the cutoff frequencies of all modes. Also, it can be found from the comparison of these figures that the type of piezoceramic material does not influence a lot the positional relationship of cutoff frequencies from the three lowest modes, although for the waveguides from BaCaTiO 3 with very small sector cut (a $ p) the third mode becomes the fourth one. For the waveguides with a 6 p/4 the difference between the cutoff frequencies of the first S-mode and first L-mode is relatively small. As for the fourth and following modes, the numerical analysis has revealed that the sequence of electroelastic longitudinal and shear waves is sensitive enough to the material type and the geometry of cross-section.
Phase velocities
The dependences of the dimensionless phase velocity C p = X/k on the frequency are plotted for the waveguides with stress-free and displacement-fixed cylindrical surfaces of the same angular measure (a = p/4, n = 0). The plots are shown in Fig. 11 (stress-free cylinder) and in Fig. 12 (displacement-fixed cylinder) . For high-frequency short waves the phase velocity of different modes approaches certain limits. As appears from the analysis, there are qualitative and quantitative changes in the behavior of the dispersion curves for the waveguides with different boundary conditions on cylindrical surfaces. In the high-frequency short-wave limit the waves from the first mode in stress-free cylinder are transformed into Rayleigh surface waves with the phase velocity equal to C R . Waves from the second and following modes, irrespective of the symmetry type of motions, have phase velocity equal to the velocity C S of shear elastic waves in the unbounded space. In the case of displacement-fixed waveguides the short-wave limit for the phase velocities of all waves is the velocity of shear elastic waves.
Conclusions
The paper presents a method to study elastic wave propagation in piezoceramic cylinders with sector cross-section for the case when boundary surfaces of the cut are covered by non-extensible membranes and cylindrical surface may have arbitrary boundary conditions. The wave equations are analytically integrated by using wave potentials, and the frequency equations are obtained from the boundary conditions in determinantal form of the fourth order. Singularities in displacements at r = 0 are discussed, and two independent equations for the cutoff frequencies are obtained.
The method is illustrated by full dispersion curves, distributions of cutoff frequencies and phase velocities plots for cylinders with various cross-section geometry, ceramic material, and boundary conditions. Thus, by changing the angular measure of sector cut one can affect the characteristics of waveguides, both quantitatively and qualitatively. Results are compared in special cases with those of other investigators. Since the displacement equations of motion are integrated analytically and solutions are obtained directly from boundary conditions, the approach is accurate and efficient.
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